Math 231, Wed 10-Feb-2021 -- Wed 10-Feb-2021
Differential Equations and Linear Algebra
Spring 2020

Topic:: Matrix inverses
Topic:: Column space
HW: : HCO1 due Feb. 15

Last time
- we defined matrix multiplication
- saw that matrix multiplication is not commutative
may make sense as AB, but not as BA
for both A_{mxn} B_{qgxp} and BA to make sense, need n=q and m=p
even then AB is mxm while BA is nxn, so equality is possible only if m=n
==> A, B square, same dimension is necessary, but not sufficent for AB=BA

Building on this
- the identity matrices
square
acts role of multiplicative identity
- the problem Ax = b
ax = b from earliest algebra class provides inspiration x = a"{-1) b
define inverse of square matrix A:
another square matrix C
AC=CA=1
solution of Ax = b, when A{-1} exists, is x = A"{-1} b
- method for finding A" {-1}
argue that [A | I] row-reduced turns to [I | A"{-1}]
presumes (and only works if)
A is square
every column of A is a pivot column
If goal is to solve Ax = b, is finding A"{-1} as intermediate step worth it?
Do by hand for 2-by-2 A = [a b; c d]

One new term:
- so far
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Is b in the span of set of vectors
Are there weights such that a linear combination of vectors produces b?
Does a system of m equations in n unknowns have a solution?
Is Ax = b consistent?
- new
Is b in the column space of A

- Determine whether any/all are true by doing GE on augmented [A | b]

Can use GE to describe the column space of A_{mxn}
- if RREF(A) has a pivot in every row, then col(A) = R'm
- when RREF(A) has a row of zeros at bottom, the story is more interesting
example: A =[2 -15; 111; -12 -4]

Notes:

- 0 as a vector

- A(u+v) = Au + Av, and A(cu) = c(Auw)
meaning of "A is nonsingular (invertible)"

Since AB = BA = I, if B has columns B_i, then

Cols: AB_i = e_i, so solve for B_i via GE on [A | e_i]
==> get all cols of B simultaneously by applying GE to [A | I]
Inverse exists <==> A is square with no free cols
<==> rref(A) =1
more examples: inverse (when it exists) of

A=1[2212;3121;1-121] (cannot, since non-square)
A=1T[221; 312;1-12] (answer: [-1 5/4 -3/4; 1 -3/4 1/4; 1 -1 11)
A=1[221;312;1-11] (answer: singular matrix)

Use middle result above to solve the system of equations
2X + 2y + z = 3
3x + y + 2z = -8
X - y+2z= 4
Because last matrix A was singular, funny behavior can happen:
That A*[2; -1; 1] = [3; 7; 4] = A*[5;-2;-3] (no left-cancellation)




La,s%' e /,LB
e )R

i r
A% MA‘J\Lc S SenCe P(‘%M\V‘LS

(b:n f;> AB 9s MXF me;l’l—i/c
) (Bp‘ W‘"}Q’«S gu«{,(' ¢ Y

- — %A o %xn wateix
,‘——3 I“@ Lsﬂx M‘J&c SIS ( 7\,;'1

A% S M sk v % - W\JTECCS'
%A IS MmAwn ?)

F\-c p(% = ﬁl\ j{‘u\r'\'\,\ur r"‘b&?‘f‘b m = N

Lpee ) e

neees 9('-‘r] bt net

S'wg:ﬂdu\"[, C,ck(l"&qﬁv\
Gr KB = OK

‘ © ] G o
— B
L = © ( (L = ] l . - }
A X , T
/ | /

S YR
D ) Some gevw\
N\/\u\w‘—f AT 0¥ I/’\ M)ﬁe. Yu&e_) Ao Vw:&mv{ Te Zz
g
(e
ity
bes bl ax = b = yzoah
l‘lg alJpO{m . Sh ¢ Qm’ G

Al

‘\\ow We ‘Mm, \fu}ﬂr EWMM«Y .? i lar QDYW\ A? _ z (mvl; -g)r>
jg j\ﬁclu[ L} k.S, '“L)JWK/ _;( ; A I |



_IW\!LI‘Q_,S 'l’b MJW‘([,(SI
Hﬁ_vb o %\'V':)C A

ﬂ I s an ‘.»\vwsc/ C// Th anw{—{es '”ngn,l A’ C/

Ac= T -Ch

R hs ‘nvarow C/ G Ak) T"\u\ (;mA K¥ e\kvbr“(‘lo\t,/quiw)p_((r ]

0¥
P\ et candibion om0 A: /’1 mist  be ?ch_
(Qi&a‘,.u' Twic s s 5%&&1{%{)

-1

W\bﬂ\ol o %o\] A - /
et By e bty T A T]
o Use EROs ™ "a i M}”“*“( e & RREE
- 1% mRK\L fhe Y@r’{”\w’\"wlpﬁ £ e M\MWHEM b

loaks K‘\L" 1—} thew /h\b ch’\' & the ”AL\T [y ﬂ
EX'—g S""a p\ S ZXZ F"“u"" i qué? &u( S‘)V\L'«W} A",

Gl 1L A=I°“ Z

(&



(L’ Qr‘ ~ r'L ( ﬂ/o« (/& G
~ O O\A ’LC c
o o )
_,,R/— Y —
ad-be 7 T Q, '
/. /s, & Sky rpins
~/ O _c o &A’l—;c 7f 0
\ O\g'Q)c GA"GJC
S
T—| - ’G-Lrl _5‘\( ] d k
O P -~
- The e
O \ - < o
od-be D\J_ he
Vo me o, eibe ol
18 N &A/Q}c &LA,L'!NJ o\(akfo)c>
od d

i\:h )(\'\L ("’\C(c"“tb w\N-I(, 0\7'[0/ ’k-l /ﬂJL fo j\yf
T N 4
(Q b)) (&Brlcs | (X ~&

- /H ) &/(JrM

Cle

\'\'}‘*-O\L Vuu% S.:m’ (2,74?— ”“’Q\"‘)C ]r\:bs}(,S g &-Cl - 090 7}L O (



B i”/{ /zl \'\M o FAYSL (lf(g Si“}“’(‘”>

-1 (

Sieee Q‘( \X\\ - (/Z\(—Zj\ = 0 |
0 How ol g B G

A s
i {A\LT:’?]C’?%F R\

o o |
T

Case R < I% — A s M“E“idar/ @m& A\l’/c
o RET — R (o e b bt )
3

/

&". \l\s(f\g lw; ﬂ/t.’g imcﬁ% ok )
A;(L = ﬂQ Qo\vux \DB \:A \Tg} c [R (_ﬁ,]

NQJQ,', /LK’ we  Solug \ I






