Math 231, Thu 8-Apr-2021 -- Thu 8-Apr-2021
Differential Equations and Linear Algebra
Spring 2021

Due:: WW 4.lhigherOrderDEs at 11 pm

Other calendar items

Wk 10, Th
Topic:: Nonhomogeneous linear DEs
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Linear Nonhomogeneous DEs T
)’o‘rm 0&1 2/

DE
We return now to the study of DEs of the form L[y]| = g, where §/ o el Voneor

< RSN
L= 2 (t)£++---+ (2 +pult), Cvgﬁ \3(1)
= o P g TN

with g(t) # 0. Earlier it was said that the paradigm we follow for solving such problems is

s 1

e Solve (i.e., find the general solution for) the homogeneous version of the problem. We will
denote this complementary solution by y;(t) (or, if I slip up and call it y.(¢) sometimes, know
that I am referring to the same thing).

e Then use some means, perhaps simply a good guess, to find a single (particular) solution
Yp(t) of the full/original problem, and put the two answers together to get a general solution

/\_\ o < hu,_ﬂ‘ bectn ot
Q e TR Sl

It is a general solution because all solutions of L[y] = ¢ take this form. 6\\ﬂ_ L %

While it is often difficult to find vy, the general solution of L[y] = 0, we have a pretty good idea
how to find it when the operator L has constant coefficients. The new issue is determining the
single solution y,(t) of the original (nonhomogeneous) problem.

We will investigate two methods for finding a particular solution y,(t). The first could be called
making an educated guess, but instead is called the method of undetermined coefficients. Its use
is highly dependent on the form of the inhomogeneity g(t). The other method is more analytical,
requiring less in the way of good “intuition”, but requires more in the way of technical calculations;

it is called variation of parameters.
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Undetermined coefficients

Your guesses should be tailored to the form of g(¢). Note that, by the linearity of the operator L, if
g(t) = g1(t) + g2(t) + - - - + gk(t), then the search for a particular solution y,(t) of

may be broken into the subproblems of finding a particular solution Y/(t) of

Lly](t) = gj(t), for j=1,...,k

That is, if we find Y7 so that L[Y1] = g1, Y2 so that L[Y>] = &, etc., then y,(t) = Y1(t) + Ya(t) +
-+ Yi(t) satisfies L[y,] = g = g1+ -+ + &

It may well be that your intuition into differentiation (and DEs) is well enough attuned that you
require little or no guidance on what kinds of guesses to make for a particular solution. This table,
however, (mostly) lifted from p. 181 in the text, offers such guidance.

Form of g;(t) Form of particular soln Y(t)

Py(t) = apt" + ait" ' +--- +a, B(Apt" + At .+ Ay)

P, (t)e t5(Agt" + At L 4o+ Ay)e
P,(t)e* sin(Bt) or Py(t)e* cos(Bt) B[(Aot" + A1t" L + -+ + Ay)e™ cos(Bt)

+(Bot" + Byt"~ ! 4 - + By)e™ sin(Bt)]

a form not in this list no suggestions

The s that appears in the particular solution Y/(t) is the smallest nonnegative integer such that no
term in Y/(t) is also found in the complementary solution yj, ().

Example 1:

Find particular solutions for

1. y" + 9y = 27t> — 18t + 51

2. " +9y = (-9/2)e*

3. ¥y +9y =27t — 18t + 51 — 2¢%
4. ¥y — 10y + 9y = 4’

5.y —9y = ¢t

6. y' — 9y = te*

7.y —9y = elsint

8. ¥y =2y +2y =e'sint
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9.y -2y +y=c¢

If you are solving an IVP, you must wait until you have the general solution to the full problem yy,(t)+y, (t)
before you apply the ICs.

Example 2: A nonhomogeneous linear IVP
Problem: Find the solution of the IVP

y' =2y +y=¢, y(0) =1, y(0)=-1.




