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MATH 251 Notes Comparing the Growth of Functions as Inputs (x or n) Ñ 8

3. It is a fact that, for all real numbers x ° 2,

10|x6| § |17x
6 ´ 45x

3 ` 2x ` 8| § 30|x6|.

Given this, what sort of Big-O, Big-⌦ and/or Big-⇥ statements are possible here?

Some Facts:

1. If m • n and f is a polynomial of degree n, then f pxq is Opx
mq.

2. n! is Opn
nq and, as a consequence, log

b
n! is Opn log

b
nq, for any b ° 1.
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3. It can be shown that n † 2
n

for n • 1 and, as a consequence, log
b

n is Opnq for all b ° 1.

4. If f1pxq is Opg1pxqq and f2pxq is Opg2pxqq, then p f1 ` f2qpxq is Opmaxp|g1pxq|, |g2pxq|qq.

5. If f1pxq is Opg1pxqq and f2pxq is Opg2pxqq, then p f1 f2qpxq is Opg1pxqg2pxqqq.

6. As a result of Facts 3 and 5, we have

n log
b

n is Opn
2q, x

pplog
b

xqq
is Opx

p`qq, etc.

7. If f pxq is Opgpxqq and gpxq is Ophpxqq, the f pxq is Ophpxqq.
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8. For any values a, b ° 1, log
a

x is Oplog
b

xq.

9. Let c ° b ° 1, and d ° 0. For comparing of a power function x
d

with an exponential growth

runction b
x
, we have

x
d

is Opb
xq, but not vice versa.

For comparing the two exponential growth functions c
x
, b

x
we have

b
x

is Opc
xq, but not vice versa.

10. It requires calculus, but it can be shown that for any b ° 0, c ° 0, plog
b

xqc
is Opxq.
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There is, therefore, this increasing sequence of orders: 1, log
b

n, plog
b

nq2, plog
b

nq3, . . . , n,

n log
b

n, nplog
b

nq2, . . . , n
2, n

2
log

b
n, n

3, . . . , 2
n, 3

n, . . . , n!, n
n
.

Show that f pxq “ x
2

is not Opxq.

Theorem 1: Let f pxq be a polynomial of degree n—that is,

f pxq “ anx
n ` an´1x

n´1 ` ¨ ¨ ¨ ` a1x ` a0,

with an , 0. Then

• f pxq is Opx
sq for all integers s • n.

• f pxq is not Opx
rq for all integers r † n.

• f pxq is ⌦px
rq for all integers r § n.

• f pxq is not ⌦px
sq for all integers s ° n.

• f pxq is ⇥px
nq.

6
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