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MATH 251 Notes Linear homogeneous recurrences

Linear homogeneous recurrences

A linear homogeneous recurrence relation of degree k with constant coe�cients has the form

an “ c1an´1 ` c2an´2 ` ¨ ¨ ¨ ` ckan´k.

Examples and non-examples:

1. an “ an´1 ` d
2. an “ ran´1

3. fn “ fn´1 ` fn´2

4. wn “ 2wn´1 ` wn´5

5. Cn “ C0Cn´1 ` C1Cn´2 ` ¨ ¨ ¨ ` Cn´1C0

6. an “ 2an´1 ` 2an´2 ` 3
n´2

Solution method:

• Assume each member a0, a1, . . . , an of the sequence that solves has the form rk
—that is,

a0 “ r0
, a1 “ r, . . . , an “ rn

, and so on. Substitute these values into the recurrence.

• Solve the resulting characteristic equation for roots r. For a degree k recurrence, there will

be k roots.

• Take an appropriate weighted combination of solutions, and use initial conditions to deter-

mine the weights.

Examples:

1. Solve an “ an´1 ` 2an´2, a0 “ 1, a1 “ 8

2. Solve fn “ fn´1 ` fn´2, f0 “ 0, f1 “ 1

Facts (focus on 2nd degree problems when stating):

a) Eqn (**) has k=2 roots (counting multiplicities, complex number roots)

b) For each root r=r_{1,2}, the sequence

a_n = r_jˆn satisfies the recurrence relation (*)

c) linear combinations of solutions to (*) again solve (*)

a_n = alpha_1 r_1ˆn + alpha_2 r_2ˆn

d) if the roots of (**) are distinct, then all solutions of (*) look like

a_n = alpha_1 r_1ˆn + alpha_2 r_2ˆn

if there is a repeated root, the solutions look like

a_n = (alpha_1 + alpha_2 n) rˆn

e) If our recurrence relation comes with a full contingent of ICs, then

there is one and only one choice of alpha_j’s so that these are also met.

2

specifiedconstants

0 O O

nota fit toour for sincedtermpresent
extra'd termis a
nonhomogeneous term

is linear homogeneous degree1
is linear homog degree 2
is linear howog degree 5

is notlinear multiplications occur betweenunknowns

is linear non homogeneous
nowhomog
term



initialconditions

1 an an Zane do I a 8

Given an r insert into

an an 2am so it becomes rn r z 2

Algebraically this canberearranged

rn r
t
Zr

2
0 or r r2 r 2 0

Sincetheirproduct is O either

rn 2 o or r2 r 2 0

uninteresting important callit
notuseful characteristic

eqa

r2 r 2 0

by factoring get r 2 rtl O roots r I 2

Note characteristicpolynomial r2 r 2 is degree 2
and we wind up w 2 roots

Each rootgenerates through assumption an r a sequence

ro r r r r

r I l l 1 I l n n

r 2 I 2 4 8 16

aah both sequences satisfy therecurrence relation

an d l l t d Z

d d are weights asyetunknown use initialconditions tofendthem

ICs
ao 1 but weightedformula says ao L f I 2,125

Equating these I L Lz



A 8 butalso a L l l t 212

Equaling d t 22 8
far 2 equs in unknowns L A

L t L l

d t 2L 8

34 9 3

x 2
Now we havearrived at a sofa to both

therecurrence an
ICs

an 21 l t 312

2 for fn fnz fo O f I

Assume In r n O l 2 thensubstituteintorecurrence

rn r tr Z
r r r

Z
O

rn r2 r 1 o

charpolynomial

Solvechar ega

r2 r I 0 Quadraticformula
501nsto ax'tbite O
x Fa

za

Applying quad
formula

r I II
2



go r r r's
Itf
2

I 1.618 2.618 4.236 6.854

I if I 0.618 0.382 0,2361 0.1459

Bothsatisfytherecurrencerelation
Neither looks likethe Fibonacci sequence


