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MATH 251 Notes Linear homogeneous recurrences

Linear homogeneous recurrences Lot constadts

>

A linear homogeneous recurrence relation o th constant coefficients has the form

ay = @a/n—l +@an—2 +oe +éan—k~
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Solution method: Serm

e Assume each member ag, a1, ..., a, of the sequence that solves has the form r*—that is,
ag=1"a,=r,...,a, =", and so on. Substitute these values into the recurrence.

e Solve the resulting characteristic equation for roots r. For a degree k recurrence, there will
be k roots.

e Take an appropriate weighted combination of solutions, and use initial conditions to deter-
mine the weights.

Examples:

1. Solvea, =a,_1+2a,_5, ag=1, a1 =8
2. Solve fy = fu1+ fu—2, fo=0, i=1

Facts (focus on 2nd degree problems when stating):
a) Egn (**) has k=2 roots (counting multiplicities, complex number roots)
b) For each root r=r_{1,2}, the sequence
a_n = r_j'n satisfies the recurrence relation (*)
c¢) linear combinations of solutions to (*) again solve (*)
a_n = alpha_1 r_1"n + alpha_2 r_2"n
d) if the roots of (**) are distinct, then all solutions of (*) look like
a_n = alpha_1 r_1"n + alpha_2 r_2"n
if there is a repeated root, the solutions look like
a_n = (alpha_1l + alpha_2 n) r'n
e) If our recurrence relation comes with a full contingent of ICs, then

there is one and only one choice of alpha_j’s so that these are also met.
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