
I a 306 84 3 t 54
84 54 I t 30

54 30 I t 24

30 24 I
lastnonzero remainder is god306,84

24 G 4 t 0

b 51 14 3 t 9 or r 9 51 14113 ro 3r

14 9 I t 5 or r 5 14 9 r re
9 5 I t 4 or ry 4 9 5 rz r

5 4 I t l or ged151,14 I 5 4 rs r

To reassemble wehave

god51,14 rz ry rz rz rz 2g r

2 r ra r Zr 3h Zr 3 ro3m

Hr 3ro or 1 51s 14T with 5 3 t41

Ic Eachof 84,54 and306 is divisible by6 So

84x 54 mod306 givesway to 14 9 mod51

Frompart b we deduce It is the multiplicative inverse of 14 in Rs
So

X 117114 1 I 11719 I 48 mod51

In theintegers
48 99 150 201 252 303 354 405

are all equivalent mod51 Back in mod306 there is no
redundancy

until you reach 354 Thus 4899 150201 252303 mod306

2 4,9 72 93 31.3 119 177 so thesethree are notprime

But noprimenumber lessthan 567 divides 67
no primenumberlessthan57Tdivides 71 Sothesethreeare pr
no primenumberlessthan Taz dividesITI

m



3 a 71 is prime seeabove and 71 168 Thus by Fermat's Little
Theorem 6870 1 mod 71 and 68 68mod71

so 68712 687 682 68 682 68 682

f 3 2 3 3 813 103 1000 I 6 mad71
This means 68712mod7I

b 49 72and 85 5.17 so god49,85 meaning that
Euler's Th applies 4185 q 5 9117 41161 64
So 4964 1 mod85 Hence

49642 49640.492 496 49 I l 492

73 7 343.7 3.7 21 mod85

Hence 49642mod85 IT
4 la 9142 917 4131612 6 2 I 112J

b 91453 936.53 36 5 I Iki t 48600

5 a This recurrence is 2nddegree and onlyrequires twoinitialvalues

A 0 a 0

b a Za t ao t 2 30 2

z Za ta t 2.3 121121 t 6 10

ay La ta t 2.32 2 lo t 2 t 18 40

as 29 ta t 2.3 2h40 t lo t 54 144

of Za tay t 2 3 2 144 40 t 162 4490J



6 Substituting r for an r for an r for an2 takes us from

an 7am t 10an 2 0 to r2 7r t to 0

r 5 r 21 o r 2,5
Terms in the sequence are a weighted sum of 2 and 5

an L 2 t 4 5
Our initial values give

2 a L 20t q 50 d t L

I a L 2 a Lz 5 22 t 54
These 2equation in unknown weights 4 L

42 2 canbesolved toobtain 4 3
22 t522 I 1

So thesolution is
an 3 2 5

7 a Here a 3 6 2 c L andD 2 which means as led Thus

1 n is 01h21

b Thistime a 4 6 2 c t d l so a lot Thus

gla is O n 0924 042 again

8 Basestep Thesumofdigits in X is 0 and 3 0

Thesumofdigits in 27 is 9 and 3 9

Thesumofdigits in 9 is 9 and 3 9
Thesumofdigits in 414 is 9 and 3 9

Inductionstep Ournewword w WWz is the concatenation of words w w
andbythe induction hypothesis w andwzsatisfy theclaim
Since the sumofdigits in w is merely the sumofdigits
in w plus the sumof digits in w andsince the sum

ofanytwonumbers bothdivisibleby 3 is againdivisible
by 3 it follows that w also satisfiestheclaim


